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The method of equivariant moving frames is used to obtain the equations governing the
evolution of the differential invariants of an invariant aﬃne symplectic curve ﬂow in
R
4 preserving arc length. Conditions guaranteeing that a geometric curve ﬂow produces
Hamiltonian evolution equations are obtained. Finally, we show that a constant tangential
curve ﬂow produces bi-Hamiltonian evolution equations.
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1. Introduction
The geometry of regular curves in Euclidean or aﬃne geometry, that is
R
n  (G Rn)/G, with G = O (n) or A(n),
respectively, has a long history dating back to the works of Frenet and Serret. It is now well known that the local geometry
of regular curves is completely described by the Frenet frame attached to them. Surprisingly, the expressions for the Frenet
frame and the differential invariants of a curve in aﬃne symplectic geometry R2n  (Sp(2n)  R2n)/Sp(2n) were only
recently obtained in [5]. The aim of the paper is to study the evolution of these differential invariants as a curve evolves
according to an invariant aﬃne symplectic geometric ﬂow in the particular case of R4  (Sp(4)R4)/Sp(4).
The theory of equivariant moving frames developed by Fels and Olver in [3] is a powerful tool for studying invariant
geometric ﬂows, [7,9,11]. In Section 3 this method is used to construct an invariant frame adapted to regular symplectic
curves parametrized by symplectic arc length. Three fundamental differential invariants, playing the analogue role of curva-
ture and torsion for Euclidean curves in R3, are obtained. The equations governing the evolution of these three invariants
under an invariant geometric ﬂow preserving arc length are then found in Section 4. In Section 5, we use the results in [9]
to obtain conditions guaranteeing that the curve ﬂow induces Hamiltonian evolution equations for the invariants. Finally, in
Section 6, we show that a constant tangential curve ﬂow produces bi-Hamiltonian evolution equations.
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632 F. Valiquette / Differential Geometry and its Applications 30 (2012) 631–641Invariant curve ﬂows in symplectic geometry have already been considered in [2,8]. In [2], the geometric setting is
actually very different from ours as the authors investigate integrable systems on the quaternionic projective space HPn =
Sp(n + 1)/Sp(1) × Sp(n). Also, while we work with Frenet frames, they privileged the use of parallel frames. Our approach
follows the computational description introduced in [9] which is based on the geometric formulation of [7]. By slightly
different means, we acknowledge that the Poisson operator (5.8) ﬁrst appeared in [8]. On the other hand, we believe that
the results of Section 6 are new.
2. Regular symplectic curves
Let R4 endowed with the standard symplectic form Ω given in global Darboux coordinates z = (z1, z2, z3, z4)T by
Ω = dz1 ∧ dz3 + dz2 ∧ dz4. (2.1)
Given two vector ﬁelds
v=
4∑
i=1
ζ i(z)
∂
∂zi
, w=
4∑
i=1
ξ i(z)
∂
∂zi
,
the symplectic form (2.1) induces a symplectic inner product, that is a non-degenerate, skew-symmetric, bilinear form, on
each ﬁber of the tangent bundle TR4:
〈v;w〉∣∣z = Ω(v,w)∣∣z = ζ 1(z)ξ3(z) + ζ 2(z)ξ4(z) − ζ 3(z)ξ1(z) − ζ 4(z)ξ2(z). (2.2)
The isometry group of the inner product (2.2) is the 10-dimensional symplectic group Sp(4) = Sp(4,R) ⊂ GL(4,R). The Lie
algebra sp(4) of Sp(4) is the vector space consisting of all 4× 4 matrices of the form(
U V
W −U T
) (
U T = transposed of U), (2.3)
where U , V and W are 2× 2 matrices satisfying
W = W T , V = V T .
Let
G = Sp(4)R4
be the aﬃne symplectic group deﬁned as the semi-direct product of the symplectic group Sp(4) with the 4-dimensional
abelian group R4. In the local coordinate system g = (A,b) ∈ G , the left invariant Maurer–Cartan forms are
μ = A−1 dA and μ˜ = A−1 db. (2.4)
An element g = (A,b) ∈ G acts on points z ∈R4 via the standard action
Z = g · z = Az + b. (2.5)
Deﬁnition 2.1. A symplectic frame is a smooth section of the bundle of linear frames over R4 which assigns to every point
z ∈R4 an ordered basis of tangent vectors a1, a2, a3, a4 with the property that
〈ai;a j〉 = 〈a2+i;a2+ j〉 = 0, 1 i, j  2,
〈ai;a2+ j〉 = 0, 1 i = j  2,
〈ai;a2+i〉 = 1, 1 i  2. (2.6)
Let z(t) :R→R4 denote a local parametrized curve. In our notation we allow z to be deﬁned on an open interval of R.
As it is customary in classical mechanics, we use the notation z˙ to denote differentiation with respect to the parameter t:
z˙ = dz
dt
.
Deﬁnition 2.2. A curve z(t) is said to be symplectic regular if it satisﬁes the non-degeneracy condition
〈z˙; z¨〉 = 0 for all t ∈R. (2.7)
With no loss of generality, the left-hand side of (2.7) may be assumed positive.
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s(t) =
t∫
t0
〈z˙; z¨〉1/3 dt for t  t0. (2.8)
Taking the exterior differential of (2.8) we obtain the symplectic arc length element
ds = 〈z˙; z¨〉1/3 dt.
Dually, the arc length derivative operator is
D = d
ds
= 〈z˙; z¨〉−1/3 d
dt
. (2.9)
In the following, primes are used to denote differentiation with respect to the symplectic arc length derivative operator
(2.9):
z′ = dz
ds
.
Deﬁnition 2.4. A symplectic regular curve is parametrized by symplectic arc length if
〈z˙; z¨〉 = 1 for all t ∈R. (2.10)
Proposition 2.5. Every symplectic regular curve can be parametrized by symplectic arc length.
3. Moving frames
Let Jn = Jn(R,R4) be the nth order jet bundle of parametrized curves in R4 with local coordinates
jnz =
(
t, z, z˙, . . . , z(n)
)
, where z(n) = d
nz
dtn
.
The cotangent bundle Ω∗(J∞) splits into horizontal and vertical (contact) forms. For parametrized curves, the basic horizontal
form is given by dt while the bundle of contact forms C is generated by the basic contact one-forms
θk =
(
θ1k , θ
2
k , θ
3
k , θ
4
k
)T = dz(k) − z(k+1) dt, k 0. (3.1)
This splits the exterior differential
d = dH + dV
into horizontal and vertical differentials, [1].
For the remainder of the paper we restrict our considerations to regular symplectic curves, and by virtue of Proposi-
tion 2.5 we assume that these curves are parametrized by symplectic arc length. Let J∞r ⊂ J∞ denote the subbundle of
regular curve jets. Then, for n 2,
jnz =
(
s, z, z′, . . . , z(n)
) ∈ Jnr if and only if 〈z′; z′′〉= 1. (3.2)
For regular curves parametrized by symplectic arc length, the contact forms (3.1) are no longer linearly independent since
the vertical differential of (2.10) implies〈
θ1; z′′
〉+ 〈z′; θ2〉= 0, (3.3)
and Lie differentiation of (3.3) with respect to the arc length derivative (2.9) produces constraints among the higher order
basic contact one-forms. These constraints are taken care by introducing the differential ideal
I = 〈Dk(〈θ1; z′′〉+ 〈z′; θ2〉): k 0〉. (3.4)
The independent contact forms on J∞r are then given by C/I .
For a detailed exposition of the equivariant moving frame method we refer the reader to the original source, [3]. Below
is a summary the main constructions relevant to our problem. Firstly, an nth order left moving frame is an equivariant map
ρ : Jn → G such ρ(g · jnz) = g ·ρ(jnz). A moving frame exists in a neighborhood of jnz provided the action is free and regular.
It is then uniquely determined by the choice of a cross-section Kn ⊂ Jn to the group orbits. The corresponding left moving
frame at jnz is deﬁned as the unique group element ρ(jnz) ∈ G such that ρ(jnz)−1 · jnz ∈Kn .
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invariant differential forms (also on Jn). The invariantization of a differential form Ω ∈ Ω∗(Jn) is obtained by a two-step
process. First, the differential form Ω is pulled-back by the inverse action (g−1)∗(Ω). The result is a differential form
involving the jet forms ds, θk and the Maurer–Cartan forms μ, μ˜. Let π J denote the projection onto the jet forms obtained
formally by setting the Maurer–Cartan forms equal to zero. Then, the lift of Ω is deﬁned by
λ(Ω) = π J
[(
g−1
)∗
(Ω)
]
.
The lifted form λ(Ω) is an invariant semi-basic differential form on Jn whose coeﬃcients may depend on the group param-
eters g = (A,b). To obtain an invariant form on Jn , the lifted form λ(Ω) is then pulled-back by the left moving frame ρ .
Deﬁnition 3.1. Let Ω be a differential form on J∞ . The invariantization of Ω is the invariant differential form
ι(Ω) = ρ∗ ◦ λ(Ω).
We note that the lift of the jet coordinates (3.2) is the usual (inverse) prolonged action
Z = λ(z) = A−1(z − b), Z ′ = λ(z′)= A−1z′, Z ′′ = A−1z′′, . . . . (3.5)
It follows from (3.5) that the lift of the basic contact one-forms is given by
Θk = λ(θk) = A−1θk, k 0. (3.6)
In the following, the invariantization of the basic contact one-forms θk is denoted by
ϑk = ι(θk) = ρ∗Θk, k 0. (3.7)
For regular curves parametrized by symplectic arc length, the invariantization of the differential ideal (3.4)
IG = ι(I) =
〈
ι
(Dk(〈θ1; z′′〉+ 〈z′; θ2〉)): k 0〉 (3.8)
contains all linear relations among the invariant contact one-forms (3.7). In (3.8) we must emphasize that the operations of
invariantization and arc length differentiation do not commute. This non-commutativity is at the origin of the important re-
currence relations, [3], which we now derive for the problem at hand. Taking the exterior differential of (3.5) we immediately
obtain the recurrence relations
dZ = dA−1 · (z − b) + A−1(dz − db) = −A−1 dA · A−1(z − b) + A−1(z′ ds + θ − db)
= −μ · Z + Z ′ ds + Θ − μ˜,
dZ (k) = dA−1 · z(k) + A−1 dz(k) = −A−1 dA · A−1z(k) + A−1(z(k+1) ds + θk)
= −μ · Z (k) + Z (k+1) ds + Θk, k 1, (3.9)
for the prolonged action. On the other hand, differentiating the lifted contact one-forms (3.6) yields
dΘk = d
[
A−1θk
]= −A−1 dA · A−1 ∧ θk − A−1θk+1 ∧ ds = −μ ∧ Θk − Θk+1 ∧ ds. (3.10)
Pulling-back (3.9) by a moving frame ρ , one can use these equations to compute the pulled-back Maurer–Cartan forms
ν = ρ∗(μ), ν˜ = ρ∗(μ˜)
symbolically, [3]. Since the aﬃne symplectic action (3.5) is transitive on R4 we have
ν = κ ds + νV , ν˜ = ν˜V , (3.11)
where κ ∈ sp(4) is the matrix of Maurer–Cartan invariants, [4], and νV , ν˜V are invariant contact one-forms. On the other
hand, substituting (3.11) into (3.10) we conclude that
dHϑk = −κ ds ∧ ϑk + ds ∧ ϑk+1. (3.12)
Using the identity
dHϑk = ds ∧D(ϑk),
where D denotes the 4 × 4 diagonal matrix with the arc length derivative operator (2.9) on its diagonal, we deduce from
(3.12) that
ϑk+1 = (D+ κ)ϑk = (D+ κ)k+1ϑ, k 0. (3.13)
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tial operator (D+ κ) to the order zero invariant contact one-forms ϑ = (ϑ1, ϑ2, ϑ3, ϑ4)T .
In Sections 4 and 5 it will be convenient to work with a basis of Maurer–Cartan forms. For this purpose, we denote by
μ the 10-dimensional column vector containing a basis of Maurer–Cartan forms of μ:⎛
⎜⎜⎝
μ11 μ12 μ13 μ14
μ21 μ22 μ14 μ24
μ31 μ32 −μ11 −μ21
μ32 μ42 −μ12 −μ22
⎞
⎟⎟⎠−→ μ = (μ11, μ12, μ21, μ22, μ31, μ32, μ42, μ13, μ14, μ24)T . (3.14)
Then, the ﬁrst term of (3.11) is equivalent, in vector form, to
ν = ρ∗(μ) = κ ds + νV = κ ds + C(ϑ), (3.15)
where κ is a column vector of Maurer–Cartan invariants and C is a 10 × 4 matrix of differential operators obtained using
(3.13).
3.1. Adapted symplectic frame
For a symplectic manifold R2n of dimension 2n, an adapted symplectic frame for symplectic regular curves was recently
obtained in [5]. In this section, we specialize the constructions in [5] to the case n = 2 by computing the formulas of the
previous section explicitly. In the following, we write the symplectic matrix A = (a1, . . . ,a4) ∈ Sp(4) in column form. By
deﬁnition, the columns of A form a symplectic frame satisfying (2.6). We normalize the vectors a1, . . . ,a4 by implementing
the moving frame method. Since the action (3.5) is transitive on R4 we can set
0= Z = A−1(z − b) so that b = z.
Let e1, . . . , e4 denote the standard orthonormal basis on R4. Then, we can ask for the tangent vector to a symplectic curve
to be normalized to e1, that is
Z ′ = A−1z′ = e1 so that z′ = a1.
Now, differentiating a1 with respect to symplectic arc length we obtain, in general,
a′1 =
〈
a1;a′1
〉
a3 +
〈
a2;a′1
〉
a4 −
〈
a3;a′1
〉
a1 −
〈
a4;a′1
〉
a2. (3.16)
Since all curves are assumed to be parametrized by symplectic arc length we must have〈
a1;a′1
〉= 〈z′; z′′〉= 1,
and (3.16) reduces to
a′1 = a3 +
〈
a2;a′1
〉
a4 −
〈
a3;a′1
〉
a1 −
〈
a4;a′1
〉
a2.
At this point there is enough liberty in the group action to choose the normalizations〈
a2;a′1
〉= 〈a3;a′1〉= 〈a4;a′1〉= 0, (3.17)
so that
a3 = a′1 = z′′. (3.18)
We note that by virtue of the symplectic requirements (2.6), the normalizations (3.17) also imply〈
a1;a′2
〉= 〈a1;a′3〉= 〈a1;a′4〉= 0. (3.19)
Differentiating a3 with respect to arc length and using (3.19) we obtain
a′3 =
〈
a2;a′3
〉
a4 −
〈
a3;a′3
〉
a1 −
〈
a4;a′3
〉
a2. (3.20)
At this stage we can only normalize〈
a2;a′3
〉= 0, 〈a4;a′3〉= −1 so that 〈a′3;a3〉= 〈z′′′; z′′〉= I
is a differential invariant and
a2 = a′ − Ia1 = z′′′ +
〈
z′′; z′′′〉z′.3
636 F. Valiquette / Differential Geometry and its Applications 30 (2012) 631–641Differentiating a2 we obtain
a′2 =
〈
a2;a′2
〉
a4 +
〈
a4;a′2
〉
a2.
Since there is only one group element left to normalize we can set〈
a4;a′2
〉= 0 so that 〈a2;a′2〉= 〈z′′′; z′′′′〉− 〈z′′; z′′′〉2 = H (3.21)
is a differential invariant and
a4 = a
′
2
H
= z
′′′′ + 〈z′′; z′′′〉z′′ + 〈z′′; z′′′′〉z′
〈z′′′; z′′′′〉 − 〈z′′; z′′′〉2 ,
provided H = 0. Finally, from the symplectic requirements (2.6) and the normalizations (3.19), (3.20), (3.21) we deduce that
a′4 = a1 + Ja2, where J =
〈
a′4;a4
〉
.
Theorem 3.2. Let z(s) be a regular symplectic curve in R4 parametrized by symplectic arc length. Then the functions〈
a1;a′1
〉= 1, H = 〈a2;a′2〉 = 0, I = 〈a′3;a3〉, J = 〈a′4;a4〉,
are differential invariants of the group of rigid symplectic motions (2.5), and a left equivariant moving frame ρ : J4 → G is
given by
b = z, a1 = z′, a3 = a′1, a2 = a′3 − Ia1, a4 =
a′2
H
. (3.22)
Substituting the moving frame expressions (3.22) in (2.4) produces the normalized Maurer–Cartan forms
ν = κ ds + νV , ν˜ = e1 ds + ϑ, (3.23a)
where
κ =
⎛
⎜⎜⎝
0 0 I 1
0 0 1 J
1 0 0 0
0 H 0 0
⎞
⎟⎟⎠ , νV =
⎛
⎜⎜⎜⎝
ϑ11 −ϑ42 ϑ12 ϑ22
ϑ21 ϑ
2
3 − Iϑ21 ϑ22 (ϑ24 − Iϑ22 − I ′ϑ21 )/H
ϑ31 ϑ
4
1 −ϑ11 −ϑ21
ϑ41 ϑ
4
3 − Iϑ41 ϑ42 Iϑ21 − ϑ23
⎞
⎟⎟⎟⎠ . (3.23b)
In terms of the vector notation (3.15), the Maurer–Cartan invariant column vector is
κ = (0, 0, 0, 0, 1, 0, H, I, 1, J )T , (3.24)
and the matrix of invariant differential operators C is
C =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
D 0 I 1
0 −(HD+DH) −H −(D2 + H J )
0 D 1 J
3D C4,2 3D2 + J H C4,4
1 0 D 0
0 H 0 D
H C7,2 2HD+DH C7,4
D2 + I H ID+D I 2D
1 D2 + J H 2D JD+D J
C10,1 C10,2 C10,3 C10,4
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.25)
with
C4,2 =D3 +D( J H) + J HD+ JDH − ID,
C4,4 =D2 J +D( JD) + H J2 + JD2 − I J + 1,
C7,2 = HD2 + J H2 +D(HD) +D2H − I H,
C7,4 = HD J + H JD+D(H J ) +D3 − ID,
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H
[
6D2 + J H],
C10,2 = 1
H
[D4 −D(ID) − I J H +D2( J H) +D( J HD) +D( JDH) + H + J HD2 + J2H2 + JD(HD) + JD2H],
C10,3 = 1
H
[
4D3 +D( J H) + 2D I + 2 J HD+ JDH],
C10,4 = 1
H
[D3 J − JD I − ID J +D2( JD) + 4D+D(H J2)+D( JD2)+ J HD J + H J2D+ JD(H J ) + JD3].
4. Geometric curve ﬂows
For regular symplectic curves z(s) ∈ R4 parametrized by arc length, a geometric curve ﬂow is a deformation z(s, t)
governed by the differential equation
z˙ = ∂z
∂t
= V|z = V1a1 + V2a2 + V3a3 + V4a4, (4.1)
where V = (V1, V2, V3, V4) are aﬃne symplectic differential invariants and A = (a1,a2,a3,a4) is the symplectic adapted
frame (3.22). Since our moving frame construction is based on the assumption that curves are parametrized by symplectic
arc length, we require the ﬂow (4.1) to preserve arc length. Differentiating (2.10) with respect to the ﬂow parameter t yields
a constraint on the invariants V1, V2, V3, V4.
Proposition 4.1. An invariant geometric symplectic curve ﬂow in R4 preserves the symplectic arc length provided it is of the form
z˙ = ∂z
∂t
= V1a1 + V2a2 + V3a3 − 1
2
[
3V ′1 + V ′′3 + 2V3 I
]
a4. (4.2)
Given an arc length preserving curve ﬂow (4.2) we now obtain the induced evolution on the Maurer–Cartan invariants κ .
Deﬁnition 4.2. The invariant linearization of a differential invariant K is the invariant differential operator AK deﬁned by
dV K =AK (ϑ).
For arc length preserving geometric ﬂows, the evolution of the Maurer–Cartan invariants are governed by the following
simple result, [11].
Proposition 4.3. Assume V induces a symplectic arc length preserving geometric ﬂow, then the Maurer–Cartan invariants κ evolve
according to the differential equation
κ˙ = ∂κ
∂t
=Aκ (V), (4.3)
whereAκ is the 10× 4 invariant linearization matrix of κ .
In the next section, conditions for the system of Eqs. (4.3) to be Hamiltonian are given. For this, we need to introduce
a newly discovered factorization of the invariant linearization operator Aκ found in [9]. To obtain the desired factorization
we introduce the ﬂat connection
∇K L = [K , L], K , L ∈ sp(4)
on R4. Then, the covariant derivative of a vector ﬁeld L along a regular symplectic curve is deﬁned by
Q[κ]L :=DL + [κ, L].
More explicitly, Q[κ] is the 10× 10 differential operator matrix with entries
Qkj[κ] = δkjD+
10∑
i=1
cki jκ
i, (4.4)
where δkj is the usual Kronecker symbol, c
k
i j are the structure constants of sp(4) and κ
i are the components of the Maurer–
Cartan invariant vector (3.24). In matrix form
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⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
D 0 0 0 I 1 0 −1 0 0
0 D 0 0 0 I 1 0 −H 0
0 0 D 0 1 J 0 0 −1 0
0 0 0 D 0 1 J 0 0 −H
2 0 0 0 D 0 0 0 0 0
0 1 H 0 0 D 0 0 0 0
0 0 0 2H 0 0 D 0 0 0
−2I −2 0 0 0 0 0 D 0 0
−1 − J −I −1 0 0 0 0 D 0
0 0 −2 −2 J 0 0 0 0 0 D
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.5)
Then, in terms of the connection matrix Q[κ], the factorization
Aκ (ϑ) =Q[κ]C(ϑ) mod IG
holds, where IG is the differential ideal introduced in (3.8).
Corollary 4.4. Assume V induces a symplectic arc length preserving geometric ﬂow, then
κ˙ = dκ
dt
=Q[κ]C(V), (4.6)
where Q [κ] and C are the differential operator matrices (4.5) and (3.25), respectively.
Writing (4.6) explicitly for the three fundamental invariants K= (H, I, J )T given in Theorem 3.2 we obtain the evolution
equations
H˙ = [6HD+DH]V1 + [2HC4,2 +DC7,2]V2 +
[
6HD2 + 2 J H + 2DHD+D2H]V3
− 1
2
[2HC4,4 +DC7,4]
(
3V ′1 + V ′′3 + 2V3 I
)
,
I˙ = [D3 +D I − 2ID]V1 + [2HD+ 3DH]V2 + [2H − 2I2 +D2 I +D ID]V3
− [2D2 + H J − I](3V ′1 + V ′′3 + 2V3 I),
J˙ = [DC10,1 − 6 JD]V1 + [DC10,2 − 2D− 2 JC4,2]V2 +
[C10,3 − 2− 6 JD2 − 2H J2]V3
− 1
2
[C10,4 + 2H J + 2D2 − 2 J2](3V ′1 + V ′′3 + 2V3 I). (4.7)
5. Hamiltonian structure
In this section, the results of [9] are applied to obtain conditions on the geometric ﬂow (4.2) guaranteeing that the
evolution equations (4.7) are Hamiltonian with respect to a particular Poisson operator.
Since sp(4) is semi-simple there is a standard Poisson structure on the set of smooth maps from R to sp(4). To deﬁne
this Poisson structure, let
B =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
2 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 2 0 0 0 0
0 0 0 0 0 0 1 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(5.1)
be the Killing form of sp(4) (up to a factor 6). Then
P[K ] =Q[K ]B−1 with K ∈Map(R, sp(4)) (5.2)
F. Valiquette / Differential Geometry and its Applications 30 (2012) 631–641 639and Q[K ] deﬁned by (4.4) with κ replaced by K = (K 1, . . . , K 10)T is a Poisson operator. The Hamiltonian ﬂow on
Map(R, sp(4)) induced by (5.2) and a functional H :Map(R, sp(4)) →R is
∂L
∂t
= P[K ]δH=Q[K ]B−1δH.
As explained in [7,9], the restriction of the Poisson operator (5.2) to κ is done using Marsden and Ratiu’s Poisson
reduction method, [6]. To apply the Poisson reduction principle, every functional h[κ] must extend to a functional H on
Map(R, sp(4)) and be compatible with the Poisson operator (5.2). The details of this extension are found in [7,9]. For the
problem at hand, it is enough to introduce the isotropy Lie subalgebra
n= {η ∈ sp(4) ∣∣ η · e1 = 0}⊂ sp(4),
which, under the identiﬁcation (3.14), corresponds to
n= (0, ∗, 0, ∗, 0, 0, ∗, ∗, ∗, ∗)T . (5.3)
Denoting the annihilator of (5.3) by n⊥ , let
n0 = B−1n⊥ = (∗, ∗, 0, 0, 0, 0, 0, ∗, ∗, 0)T ⊂ sp(4).
Then, as shown in [7], any functional h[κ] uniquely extends to a functional H[K ] on Map(R, sp(4)) in such a way that H
is constant along the orbits of the standard adjoint action provided
Q[K ]B−1δH ∈ n0. (5.4)
A consequence of (5.4) (refer to [9, Proposition 3.1]) is the existence of a unique differential operator R satisfying
Q[κ]Rδh ∈ n0. (5.5)
Once the operator R satisfying (5.5) is found, the reduced Poisson operator on the Maurer–Cartan invariants κ is
PR =R∗BQ[κ]R, (5.6)
where R∗ is the adjoint of R, [10].
For regular symplectic curves in R4 the operator R satisfying (5.5) has the form
R=
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
R1,1 R1,2 R1,3 R1,4
R2,1 R2,2 R2,3 R2,4
R3,1 R3,2 R3,3 R3,4
R4,1 R4,2 R4,3 R4,4
0 1 0 0
R6,1 R6,2 R6,3 R6,4
0 0 1 0
0 0 0 1
R9,1 R9,2 R9,3 R9,4
1 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (5.7)
where the constant entries in (5.7) are located in the dual positions to the generating invariants H , I , J , 1 relative to the
non-degenerate matrix (5.1). Using the containment (5.5) the unknown entries of R are uniquely determined. The result is
the operator
R=
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 −D2 0 0
−( H2 D+DH) 0 D J − J2D−D2( D2H ) 0
D
2 0
J
2HD 0
0 0 − D2H 0
0 1 0 0
H 0 D( D2H ) − J 0
0 0 1 0
0 0 0 1
D2
2 + J H 1 12D( JHD) − J2 + JD( D2H ) 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.1 0 0 0
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reﬂecting our assumption that regular curves are parametrized by symplectic arc length. Thus, omitting the last row and
column, the reduced Poisson operator PR is⎛
⎜⎝
HP1 −DP2 DH + 3HD HP3 −DP4
HD+ 3DH D I + ID− D32 JD+ 32D2(DH ) − 3D J
[D[ D2H ] − J ]P1 −D[ JH ]P2 D[ J + 3D
2
2H ] − 3 JD [D[ D2H ] − J ]P3 −D[ JH ]P4
⎞
⎟⎠ (5.8)
where
P1 =D3 + J HD+ 2 JDH − ID+ 2D( J H),
P2 = I H −D2H − J H2 −D
(
H
2
D
)
− H
2
D2,
P3 = J2D− 2 JD J − 2D J2 +
(
1− I J + JD2 +D2 J +D JD)(D
H
)
,
P4 =
(D2 − I + J H) J + 1− (D3 +D( J H) + HD J + J HD− ID)( D
2H
)
.
The Poisson operator (5.8) induces the Hamiltonian ﬂow
K˙=
⎛
⎝ H˙I˙
J˙
⎞
⎠= PR
⎛
⎝ δh/δHδh/δ I
δh/δ J
⎞
⎠ (5.9)
on the fundamental invariants K= (H, I, J )T .
Proposition 5.1. The evolution equations (4.7) are compatible with the Hamiltonian ﬂow (5.9) provided
C(V) ≡R δh mod n. (5.10)
Explicitly, the compatibility condition (5.10) yields the constraints
V1 + V ′3 =
δh
δ I
,
V ′2 + V3 −
J
2
[
3V ′1 + V ′′3 + 2I V3
]= D
2
δh
δH
+ J
2H
D δh
δ J
,
HV2 − 1
2
[
3V ′′1 + V ′′′3 + 2I ′V3 + 2I V ′3
]= H δh
δH
+
(
D
( D
2H
)
− J
)
δh
δ J
. (5.11)
6. Bi-Hamiltonian systems
In this ﬁnal section we show that the evolution equations (4.7) induced by the tangential ﬂow V= a1 are bi-Hamiltonian
and completely integrable in the sense that there exists a recursion operator which generates inﬁnitely many conservation
laws and a hierarchy of new bi-Hamiltonian evolution equations.
Deﬁnition 6.1. The evolution equations (4.7) are said to be bi-Hamiltonian if there exist two compatible Poisson operators
P1, P2 and two functionals h1[K], h2[K] such that
K˙= P1 δh1 = P2 δh2.
Let
Q˜kj[κ]L :=
10∑
i=1
cki jκ
i,
be the components of the 10 × 10 matrix Q˜[κ] obtained from (4.4) by omitting the derivative term δkjD. Then for a ﬁxed
element L0 ∈ sp(4) the Poisson operator
P˜ = Q˜[L0]B−1
F. Valiquette / Differential Geometry and its Applications 30 (2012) 631–641 641is compatible with (5.2), [7]. As ﬁrst observed in [8, p. 21] the reduced operator
P˜R =R∗B Q˜ [L0]R (6.1)
is not necessarily Poisson and does not always restrict to (H, I, J ,1)T since the corresponding evolution equations might
not preserve arc length. But when P˜R is a Poisson operator that restricts to (H, I, J ,1)T , there is hope to ﬁnd completely
integrable evolutions equations. While it is not yet clear how to ﬁnd such an L0 ∈ sp(4), if we choose L0 = E1,3 we do
obtain a bona ﬁde reduced Poisson operator:
P˜R =
⎛
⎝ −DH − HD 0 D J − JD−D2[
D
2H ]
0 2D 0
JD−D J −D[D22H ] 0 D J
2
H + J
2
H D−D[ JD2H [DH ]] −D[DH [ JD2H ]]
⎞
⎠ . (6.2)
Remark 6.2. In [8], a different reduced Poisson operator was obtained using L0 = E2,4. It differs from (6.2) by some negative
signs in an essential manner as it is not possible to pass from one to the other by changing the signs of H , I , J or D.
Now, it is not diﬃcult to verify that the evolution equation
K˙= K′ = PR δh0 = P˜R δh1 (6.3)
is bi-Hamiltonian with
h0[K] = I and h1[K] = I
2
4
− H .
Substituting δh0 = (0,1,0)T into the compatibility conditions (5.11) we conclude that the bi-Hamiltonian system (6.3) is
produced by the tangential ﬂow V= a1.
Since (6.2) is a non-degenerate differential operator a hierarchy of bi-Hamiltonian systems can be constructed using the
recursion operator PR · (P˜R)−1, [10]. For example, the ﬁrst iteration of the standard algorithm yields the new bi-Hamiltonian
system
K˙= PR δh1 = P˜R δh2, (6.4)
with explicit evolution equations
H˙ = −H ′′′ + 3H I ′ + 3
2
I H ′ − 3D( J H2),
I˙ = − I
′′′
4
+ 3
2
I I ′ − 3H ′,
J˙ = − J ′′′ + 3 J2H ′ + 3
2
I J ′ + 3
4
D
(
I ′′
H
)
− 3D
(
J ′H ′ + J H ′′
H
)
.
The new Hamiltonian h2[K] in (6.4) is
h2[K] = I
3
8
+ (I
′)2
16
+ J H2 − 3
2
H I.
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